To describe theoretically the creation and evolution of the quark-gluon plasma, one typically employs three ingredients: a model for the initial state, non-hydrodynamic early time evolution, and hydrodynamics. In this paper we study the non-hydrodynamic early time evolution using the AdS/CFT correspondence in the presence of inhomogeneities. We find that the AdS description of the early time evolution is well-matched by free streaming. Near the end of the early time interval where our analytic computations are reliable, the stress tensor agrees with the second order hydrodynamic stress tensor computed from the local energy density and fluid velocity. Our techniques may also be useful for the study of far-from-equilibrium strongly coupled systems in other areas of physics.
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Strongly coupled quantum liquids are studied in many experimental settings: (a) quark-gluon matter created in ultrarelativistic heavy ion collisions, (b) strongly correlated electrons in metals, cuprates and heavy-fermion materials, and (c) condensates of ultra-cold atoms. The holographic AdS/CFT or gauge-gravity framework has provided new insights into the dynamics of such fluids. One development is the fluid/gravity correspondence [1] where one can derive hydrodynamic equations from Einstein's equations in a particular long wavelength limit, and even get complete second order hydrodynamic equations [2, 3] for conformal relativistic fluids. Another interesting question is how and when a far-from-equilibrium initial state approaches a regime where hydrodynamics becomes a good approximation. This article studies this question in an analytically tractable model that exhibits inhomogeneities.
Experiments at RHIC and at the LHC have shown that already at very early times, at most 1 fm/c, the matter produced in heavy ion collisions shows collective behavior in agreement with viscous hydrodynamics. The argument about the presence of hydrodynamic behavior of the quark-gluon plasma created in heavy ion collisions rests primarily on two observations. First, one observes a cos(2φ) correlation between the azimuthal momentum direction of produced hadrons and the collision plane, which is known as "elliptic" flow, see [4] [5] [6] [7] and references therein. This phenomenon can also be deduced from the azimuthal two-particle correlations among emitted hadrons, and is sometimes referred to as the "ridge" or "double-ridge" effect in studies in Pb+Pb collisions at the LHC [7] [8] [9] [10] .
The second observation is related to event-by-event fluctuations [11, 12] . Experimentally it was found for central heavy ion collisions that odd Fourier coefficients of the flow are not much smaller than even ones [7, 8, 13] . By a symmetry argument, odd coefficients can only be generated by fluctuations, so one is forced to conclude that fluctuations have large amplitudes. The parton saturation model for the initial nuclear state suggests also that the fluctuations are of short range in the plane transverse to the beam axis (of order of the inverse saturation scale 1/Q s ∼ 0.2 fm [14] ). Detailed simulations [15] [16] [17] use phenomenological models (such as the Color Glass Condensate model) to compute the initial energy deposition and to evolve it for a short amount of time (of order 0.4 fm/c) using the classical Yang-Mills equations. These studies give excellent fits to all flow coefficients by assuming that large-amplitude, small-range fluctuations subsequently evolve hydrodynamically. Note that for times short compared to the scale set by the background Yang-Mills field, typically of order 0.2 fm/c, classical Yang-Mills theory is kinetic energy dominated and should therefore be well-approximated by a freestreaming model. Alternate approaches start from fluctuations in nucleon positions and the energy deposition in individual nucleon-nucleon collisions [18, 19] and use either free-streaming of particles [20] or hydrodynamics of anisotropic fluids [21, 22] to bridge the gap to the onset of viscous hydrodynamics. An important open question, which motivated the present work, is to what extent this "gluing" of a phenomenological model describing the initial evolution to viscous hydrodynamics can be justified.
Thermalization in strongly coupled conformal field theories with a gravity dual corresponds to black brane formation in asymptotically anti-de Sitter (AdS) spacetimes [37] . To study gravitational collapse, one generically needs numerical general relativity, but interesting situarXiv:1307.1487v2 [hep-th] 12 Dec 2013 ations exist in which analytical calculations are possible. Consider a massless scalar field minimally coupled to gravity in d + 1 space-time dimensions with negative cosmological constant. In this setting, the authors of [23] considered the effect of a homogeneous boundary source on the bulk geometry of an asymptotically AdS spacetime. Specifically, they briefly (0 < t < δt) turned on a homogeneous source φ 0 (t) = φ 0 (t) for a marginal boundary operator corresponding to the massless scalar field in the bulk and solved the field equations perturbatively in . In d + 1 bulk dimensions and to second order in , they found the AdS-Vaidya metric
where M (v) vanishes for v < 0 and is otherwise of order 2 /(δt) d (we have set R AdS = 1). For odd d, M is constant for v > δt and the geometry then describes a black brane with temperature of order 2/d /δt. This space-time describes a shell of null dust falling in from the boundary of AdS and collapsing into a black brane. At the boundary, the Eddington-Finkelstein coordinate v coincides with the field theory time t. A schematic representation of the process is depicted in Fig. 1 . The weak-field approximation amounts to considering injection times short compared to the inverse temperature of the black brane to be formed.
Naive perturbation theory in is reliable for v 1/T , but diverges for v 1/T . A resummed perturbation theory can be defined by expanding around the AdS-Vaidya geometry (1) rather than AdS, i.e., by working exactly in M (v) and perturbatively in all other occurrences of [23] . (This is analogous to absorbing temperature-dependent masses in propagators in thermal perturbation theory.) This approach is technically more complicated, but it was shown in [23] that resummed perturbation theory is reliable everywhere outside the event horizon. For late times (v 1/T ), observables decay exponentially to their thermal values, with relaxation times of order of the inverse temperature.
The AdS-Vaidya model has been very useful as a simple, tractable model of holographic thermalization. In [24] [25] [26] [27] , it was found that in this model thermalization proceeds at the speed of light, at least for the range of length scales studied in [26, 27] . (For d > 2, it was found in [28] that on length scales larger than the inverse temperature, thermalization happens at a smaller speed.) However, the initial state of heavy ion collisions is quite anisotropic and inhomogeneous. It is characterized by a strong asymmetry between longitudinal and transverse pressure (the former may even be negative initially due to the presence of strong longitudinal gauge fields) and by large density fluctuations in the transverse direction. The effect of both can be studied with a refined AdS/CFT treatment. The effect of the pressure anisotropy was studied under the assumption of longitudinal boost invariance and transverse homogeneity in [29] [30] [31] , where it was found that hydrodynamic behavior is reached on time scales of order 0.3 − 0.5 fm/c for many different initial conditions. This "hydroization" is not equivalent to complete thermalization because viscous hydrodynamic behavior at early times in a boost invariant expansion implies a rather large pressure anisotropy and thus strong deviation from local thermal equilibrium. In the present work, we analyze the second aspect, namely the question how the approach to hydrodynamic behavior is affected by local density fluctuations, which has not been studied in detail so far.
In a companion paper [32] , we generalize the construction of [23] to the case of an inhomogeneous scalar field source at the boundary (with the solution coinciding with pure AdS before the source is turned on). As in [23] , we solve the equations of motion in a perturbative expansion in the amplitude of the scalar field boundary value, which is here allowed to depend on the spatial coordinates. In order to retain analytical control, we make the simplifying assumption (suggested in [23] ) that the scale of spatial variations is large compared with all other scales. (In a heavy ion context, this assumption is not justified for fluctuations at a scale 1/Q s , which is smaller than the inverse temperature, so some extrapolation will be needed to make contact with those.) As in [23] , the case of a fourdimensional bulk space-time turns out to be technically simpler than the five-dimensional one. Since in heavy ion collisions azimuthal anisotropies are studied in the directions transverse to the beam, a four-dimensional bulk geometry may not constitute a serious limitation. More realistic models would involve nearly boost invariant geometries or colliding inhomogeneous shock waves, but for computational tractability these will not be studied in the present paper. As a further technical simplification, we consider the simplest case involving spatial dependence on a single coordinate, in addition to the radial coordinate in the bulk. All in all, we consider an asymptotically AdS 4 geometry with inhomogeneities along a single spatial direction.
Specifically, we construct the bulk solution for the scalar field and the metric up to second order in the am-plitude of the source that drives the gravitational collapse and up to fourth order in the gradient expansion. For instance, up to second order in the amplitude of the source ϕ(v, x) and up to fourth order in spatial gradients, solving the coupled equations of motion for the metric and scalar field φ gives:
Similar expressions can be obtained for the various metric components. Our solutions are reliable for times v short compared to the inverse local temperature T (x) (of the black brane to be formed) and local scales of variation L(x) large compared to the inverse temper-
. From these bulk solutions, we extract the expectation value of the boundary energy-momentum tensor, and study its time-evolution after the inhomogeneous energy injection. Specifically, T αβ ∼ g (3)αβ , where g (3) is the 1/r coefficient of the bulk metric in Fefferman-Graham coordinates. For instance, up to second order in the amplitude expansion and in the derivative expansion,
...
To compute the evolution for later times, a resummation of perturbation theory would be required, but this is beyond the scope of the present work, in which we restrict ourselves to the early-time evolution. From the energymomentum tensor, we compute the local velocity V (t, x) (i.e., the velocity relative to the lab frame of the local rest frame in which the stress-tensor becomes diagonal), as well as the energy density ε(t, x) and pressure components p x (t, x), p y (t, x) in the local rest frame. In order to study the energy-momentum tensor in more detail, we use a Gaussian profile in the laboratory frame to mimic the time dependence of the source, ϕ(t, x) = u(x) exp[−(t−ν) 2 /σ 2 ]: when t−ν is larger than a few σ, a time which can be identified with the injection time δt, the scalar source can be considered to vanish for all practical purposes. We consider the simple case where the spatial profile u(x) has the form of a Gaussian with a homogeneous background, u(x) = 1 + exp(−µ 2 x 2 ). (More general combinations of Gaussians and background are studied in [32] .) Our results for the energy density in the local rest frame and for the local velocity are shown in Fig. 2 . In order to gain some insight into these results, we next compare them with the evolution of the energymomentum tensor in a free-streaming model as well as in hydrodynamics. Our free streaming model is obtained by assuming that the distribution is massless noninteracting dust, composed of particles moving at the speed of light. In terms of the phase space distribution f (t, x, k), the components of the stress-energy tensor are given by
If we assume the phase space distribution at t = 0 to have (5) where v = k/k 0 is the particle velocity, and F (k) only appears in (4) in an overall normalization factor. We choose n(x) such that just after the energy injection has ended, the energy density in the laboratory frame coincides with the energy density we computed using AdS/CFT, and we compare the pressure anisotropies in the local rest frame in Fig. 3 .
Given the local velocity V (t, x) and the energy density in the local rest frame ε(t, x), we can ask what the stress-tensor would be if (first or second order) hydrodynamics were valid at a given time t. Agreement with the stress tensor we computed using AdS/CFT would be a necessary condition for the validity of a (first or second order) hydrodynamical description from time t onwards. First order hydrodynamics requires the equation of state and the shear and bulk viscosities, which were obtained in [1, 33] for the three-dimensional CFT under consideration. The first-order hydrodynamical stress tensor reads
Here p ideal = ε/2 and u α is the local three-velocity of the fluid (which we determine from V (t, x)). The first order viscous contributions to the energy-momentum tensor in flat three-dimensional space are given by [1] 
where P αβ ≡ u α u β + η αβ is the projector onto space in the local fluid rest frame,
is the fluid shear tensor and θ ≡ ∂ ρ u ρ is the expansion. The shear viscosity η and bulk viscosity ζ are [1, 33] 
where we define a local "temperature" T (t, x) by using the thermodynamic relation that would be valid in equilibrium in the local rest frame,
Using these ingredients, we have computed in [32] the pressure anisotropy in first order hydrodynamics. While qualitatively in agreement with our AdS/CFT results, it is too large to be in good quantitative agreement, so we conclude that first order hydrodynamics is not applicable in the early time window we can study [32] . Second order hydrodynamics for relativistic conformal fluids was derived in [2, 3] , providing a nonlinear generalization of Müller-Israel-Stewart theory. The second order contribution to the dissipative part of the stress tensor is
where denotes the transverse traceless part [2] , and "+· · · " refers to terms that are not relevant here, as they either contain the Riemann/Ricci tensor or terms that vanish for irrotational flow. In (11) D is the directional derivative along the 3-velocity, D ≡ u µ ∂ µ = −u t ∂ t + u x ∂ x , and the new parameter τ Π is the relaxation time Fig. 2 to ensure that the corrections to px and py coming from higher orders in the derivative expansion are negligible compared to the pressure anisotropies.
for shear stress. For a strongly coupled conformal fluid it depends on harmonic numbers [34] , in 2+1 dimensions
A short calculation yields the hydrodynamic pressure anisotropy
The pressure anisotropies obtained from second order hydrodynamics are compared to those from AdS/CFT and from free-streaming in Fig. 3 . Throughout the time period in which we can trust our holographic solution freestreaming provides an excellent description of our holographic results. At the end of this time period, there is also consistency with second order viscous hydrodynamics. We are not able to make predictions for later times and cannot exclude the possibility that the holographic solution might again deviate from that of local viscous hydrodynamics at some later time. However, our results are fully compatible with the assumption that initial free streaming behavior turns into local hydrodynamic one within times smaller than 1/T . The reader may wonder why free streaming can reproduce the behavior of a strongly coupled gauge theory for any length of time. We do not have a complete answer to this question, but it is tempting to speculate that the short-time behavior of the stress-energy tensor is dominated by the singular behavior of the two-point correlation function of components of the stress-energy tensor. In a conformal theory, the correlation functions have a power-law dependence on the invariant space-time distance and diverge on the light cone. This suggests that free streaming of massless "particles" may reproduce the short-time behavior of these correlation functions [35] .
In summary, we have investigated the evolution of the local pressure anisotropy in a strongly coupled field theory beginning from a spatially inhomogeneous, far offequilibrium initial state. The anisotropy can be well described at early times by a free-streaming model. Towards the end of the early time-window we can study, the stress-tensor is consistent with the second order hydrodynamic stress tensor computed from the local energy density and fluid velocity. Our results are complementary to those of [31] , who investigated the approach to hydrodynamics for a spatially homogeneous, but longitudinally expanding fluid. Taken together, these two results suggest that free streaming followed by second order viscous hydrodynamics may provide a valid description of the space-time evolution of the stress energy tensor in strongly coupled conformal gauge theories over the entire history. This would justify the standard approach to early time evolution of partonic matter in relativistic heavy ion collisions. However, given the very short time window our methods allow us to describe, more work is required to confirm whether the early-time agreement with second order hydrodynamics that we find is accidental or really signals the onset of a hydrodynamic regime. Specifically, we cannot exclude the possible onset of violent equilibration dynamics at later times, as found in [36] for central, homogeneous, boost-invariant collisions. It would also be interesting to investigate different classes of initial conditions which prepare the non-equilibrium state in qualitatively different ways (e.g., IR injection of energy). It is possible that some of these classes would lead to different conclusions regarding, e.g., the validity of free streaming at early times.
